Time reparametrization group and the long time behaviour in quantum glassy systems 
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We study the long time dynamics of a quantum version of the Sherrington-Kirkpatrick model. 
Time reparameterizations of the dynamical equations have a parallel with renormalization group 
transformations, and within this language the long time behaviour of this model is controlled by 
a reparameterization group (RpG) fixed point of the classical dynamics. The irrelevance of the 
quantum terms in the dynamical equations in the aging regime explains the classical nature of the 
violation of the fluctuation-dissipation theorem. 
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There has been considerable interest lately in quantum 
systems that show glassiness. A number of experiments 
|Q-g[ have studied the effect of quantum fluctuations on 
spin systems which are close to a quantum phase tran- 
sition between a spin glass and a quantum-disordered 
(paramagnetic) phase. Theoretically, one approach to 
the problem has been to add quantum fluctuations to a 
classical model, such as by applying a transverse fleld 
to the Ising model ||J|] , or by giving quantum dynamics 
to classical spin variables g-j^]. These models are more 
amenable to analytical treatment than the full SU{2) 
quantum spin systems Q . 

Quantum fluctuations have been shown to be respon- 
sible for redefining the boundary between the spin glass 
and the quantum disordered phases in systems such as 
quantum rotors or the transverse field Ising model. In 
principle they could also alter the non-equilibrium dy- 
namics in the glassy regime at very low temperatures. 
Whilst the properties in both the quantum critical and 
quantum disordered regions for these systems can be un- 
derstood within a static formulation [pj, studying the 
non-equilibrium effects in the glassy region requires a 
quantum dynamical approach. 

In classical spin glasses the out of equilibrium nature of 
the system is manifest through a persistent dependence of 
susceptibilities on the time elapsed since the system en- 
tered the glassy phase. Much progress has been achieved 
in recent years in understanding these aging effects in 
classical spin glasses [Q, and only very recently have 
these issues begun to be addressed in quantum systems. 
Cugliandolo and Lozano [g| studied a quantum version 
of the p-spin model, and in this paper we study the long- 
time dynamics of the quantum version of the soft-spin 
Sherrington-Kirkpatrick (SK) model [ pd[ . 

It was established in Ref. Q that quantum effects 
are manifest even in the long-time "aging" regime of 
the glassy phase, contrary to the naive expection that 
quantum fiuctuations enter only the short-time dynam- 
ics. However, the form of the violation of the Fluctu- 
ation Dissipation Theorem (FDT) - a hallmark of the 
aging dynamics - coincided with that of classical spin 



glass models. 

One anticipates a classical limiting form for the FDT 
violation, because the low frequency limit of the quan- 
tum fiuctuation dissipation theorem (QFDT) jg] coin- 
cides with the h —> limit for an equilibrium bosonic 
system. The aging regime is non-equilibrium; however 
one expects intuitively that there is a similar situation in 
which quantum effects are "irrelevant" in modifying the 
form of the violation of the FDT. 

To make these ideas more precise, we develop a general 
framework which allows us to show that quantum terms 
in the dynamical equations are irrelevant under a group 
of time reparametrization transformations that we define 
below. The long-time dynamical equations, even though 
they contain terms purely quantum in origin, are con- 
trolled by the classical RpG fixed point dynamical equa- 
tions. Hence, when quantum dynamics are imposed on a 
classical model, the form of the violation of the FDT must 
coincide with that of the classical version of the model. 
Quantum effects renormalize the coefficients in the fixed 
point dynamical equations, changing the details {e.g. ef- 
fective temperature) but not the form of the violation of 
the FDT. We make these ideas concrete in our solution 
of the quantum version of the soft-spin SK model. 

Intentionally using language that parallels the Renor- 
malization Group (RG) terminology, let us proceed by 
introducing the RpG transformations as a tool to dis- 
cuss the fixed point equations of the long time dynamics. 
However, RpG transformations are weaker than the RG 
in the sense that they act only on the correlators and 
dynamical equations and not on the action. Consider a 
general transformation of the time coordinates 



t^i= h{t) 



(1) 



for a differentiable function h{t) with dh/dt > 1 (so as 
to stretch time). Given a two-time correlation function 
^(^1,^2), we define a transformation G ^ G such that 



dh 



GitiM^i^gfJ [^J G{h{t,),h{t2)), (2) 
where A^2 cti'^ the scaling dimensions of the correlator 



G under the rescaling of the time coordinates ii_2- We 
term Aj' and /^2 the advanced and retarded scahng di- 
mensions respectively. 

The non-equihbrium dynamics is governed by a set 
of integro-differential equations for a set of correlators 
{Go}- We represent this set of equations as ff [{Gq}] — 0. 

Define a fixed point of the reparametrization trans- 
formation h{t) as Hq such that if the {Gq,} satisfy 
-f^o[{Ga}] = 0, then Ho[{Ga}] = is satisfied as well. 
We also write this as an equivalence Hq = Hq. 

Let us examine the general case when the set of equa- 
tions H is not a fixed point of the reparametrization. 
Consider the situation when the equations H can be writ- 
ten as an RpG invariant part Hq plus a non-invariant 
perturbation 6H: 



i/[{G„}] = Ho[{Ga}] + SH[{G„}] = 0. 



(3) 



The transformed equations satisfy H = Hq + SH, and 
SH[{G^}] i, <5i?[{G„}], so H[{G^}\ / 0, 

If the transformed set of equations dH\\GaY\ -^ un- 
der repeated coordinate transformations, then the per- 
turbation SH is irrelevant under time rcparametrizations. 
This framework allows us to determine which terms in the 
dynamical equations of quantum glasses will be impor- 
tant in the long time limit. 

We apply these ideas to a soft spin version of the SK 
model |1J]. We use a closed time path (CTP) formalism 
(Schwinger-Keldysh) [0,n4|, which obviates the need for 
replicas in performing an average over quenched disorder 
P,15l for arbitrary initial conditions. The action S has 
a free part 5*0, a part due to self- interactions Su, a part 
due to disorder ^dis, and a part due to the interaction 
with a thermal bath St [|iH|. We write the Lagrangians 
for the free part and self interactions as 



hdtSf)afidtSt) + lm'{Sf)af{St) 
2g 2 



i.a.b 



(4) 
(5) 



i.a.b 



where i,j are site indices and a,b are Keldysh contour 
indices. The couplings are g, m? and m, and a^ is the 
Pauli matrix that acts on the two-component fields on 
the time-ordered and anti-time-ordered branches of the 
Keldysh contour. This quantum SK model is the M = 1 
version of the quantum rotor model considered in Ref. 
H. The spin exchange interactions are infinite ranged 
and are described by 






(6) 



where the JijS are assumed to have a Gaussian distribu- 
tion, with ,/? = J /N , where N is the number of sites and 
the sum is over i ^ j ■ We use an overbar '^^ to indicate 



an average over disorder realizations and angled brackets 
< ... > to indicate an average with respect to C. The 
thermal part of the action (obtained after integrating out 
heat bath variables) is 



St — 



dti 



dU 



i,a,b 



S:(t,){t,y{h~t2W'~af] 

^vitl-t2)K'' + ^<Jf]}S';it2), (7) 

where 77 and v are the same heat bath kernels for noise 
and dissipation that are described in Ref. ||]. We write 
the generating functional for the action in the CTP for- 
malism and average over disorder then decouple the four 
spin term with a Hubbard- Stratonovich transformation. 
We define the correlation G(ti,t2) and response 
Riti,t2) for times ti and t2 after the initial quench as 



a,(ti,t2) = -{si{h)sj{t2) + sf{h)s]{t2)), (8) 



and Rij{ti,t2) — S j 6hj(t2)(S\(t\)) ^ which in linear re- 
sponse theory may be written as 



i?i 



Ai^M)^T{S\{t^)\S]{t2)-S]{t2)\) 



(9) 



We use a saddle point evaluation (iV -^ 00) and expand 
to O(u^) to obtain mode coupling equations for C and 
R. We solve these equations in the stationary regime for 
the paramagnetic phase and the spin glass phase. 

In the paramagnetic phase, the correlation functions 
are time translation invariant (TTI) once initial tran- 
sients have decayed and we can Fourier transform them. 
The heat bath kernels 77 and v satisfy the QFDT ||] if 
there is Ohmic dissipation, and this implies that the same 
is true for the correlation and response in the paramag- 
netic phase 

C{^) ^ \ coth ^^ [i?(c.) - A[u)\ , (10) 

where A{lo) is the Fourier transform of the advanced re- 
sponse {R is the retarded response) and /3 is the inverse 
temperature. The correlators may be written as the sum 
of a stationary (TTI) piece and an aging piece 

R{h,t2) = Rsrih - t2) + RAGihM) , (11) 

CihM) = CsTih - t2) + CAGihM ■ (12) 

The stationary pieces decay on a much shorter timescale 
than the aging pieces, so only the aging pieces influence 
the long time dynamics. In the spin glass phase, we need 
to take into account the aging that has occurred up to 
the waiting time, and we find the expected zero frequency 
piece in the response, so that 

Rst{^) - Ast{^) = T tanh f — — j Cst{uj) 



47r^ 

' (M70) 



teA(Xco + (i?G)oo)'5(a>), (13) 



where qEA is the Edwards-Anderson order parameter, 
M70 is the friction coefficient for the bath, Xcx3 = 
limtj^oo /g^ dii?sT(ii ~ t), and {RC)oo is (noting that 
ti ^ t2 ^ \ti — t2\ in the evaluation of the integral) 



(i?C)c 



lini 



dtRAGitl,t){CAG{t,ti) + CAG{h,t)) 

(14) 



We implement weak ergodicity breaking (WEB) and 
weak long term memory (WLTM) ||l^,|l3l in the integrals 
of correlation functions as described in Ref. [gj to obtain 
the dynamical equations in the aging regime for which 
ti > t2 and both ti and ^2 become very large 



H^IC R] = H^[C, R] + SH^[C, i?] = , 
H^[C, R] = H^[C, R] + SH'^[C, R] ^ , 

where 

H^[C, R] ^ XiR{h,t2) + X2Cih,t2fRih,t2) 



(15) 
(16) 



+2J2 / dtR{ti,t)R{t,t2) 
Jo 



+X3 dtC{h,tyR{h,t)R{t,t2) , (17) 
Jo 

SH^'ICR] - -^^Riti,t2) - \\2n''R{tut2f 

r\?.n'^ I dtR{ti,tfR{t,t2) , (18) 



and 



H§[C, R] = \iC{hM) + ^^2C{h,t2f 



-2r 



dt [C{ti,t)R{t2,t) + R{h,t)C{t, ta)] 



+ -A3 / dtCih,tyR{t2,t) 
-J Jo 



RpG transformations leads to the fixed point equations 
H^[C, R] = and H^[C, i?] = 0, if the C, R correlators 
are chosen to transform under Eq. (0) with dimensions 
Af 2 = 0, Af = 0, and Af = 1 (suggested by the form 
of the FDT): 



C{h,t2)=C{h{h),h{t2)), 
R{h,t2) ^ (^) R{h{h), h{t2)) 



(21) 
(22) 



The fixed point equations contain terms of the same form 
as considered in Ref. [E9[ in the dynamical solution of the 
classical SK model. These equations have a solution via 
the ansatz 

R{h,t2) = l3X[C{h,t2)]^C{h,t2)e{h -t2), (23) 
012 

which is invariant under time reparametrization. Equa- 
tion (H) is the modified version of the FDT (in the FDT, 
X = 1). The term X[C] is the FDT violation factor, 
which we calculate here for the model in question. 

The quantum terms are irrelevant under the RpG 
transformations, as are some of the classical terms. 
Hence, classical dynamics is recovered in the long time 
limit even when h j^ 0. In Ref. 11^] the asymptotic 
equations were obtained by ignoring terms such as time 
derivatives of the correlation and response, whereas here 
these terms are seen to be irrelevant under repeated ap- 
plication of a RpG transformation. 

A simple example which illustrates the idea of irrele- 
vant terms, is to consider the reparametrization h{t) = 
bt, with b > 1. If we apply this transformation to the R'^ 
term in SH'^' it is rescaled by b~^, whereas Hq — > Hq . 
This term will clearly become negligible under repeated 
transformations. 

We find the solution to equations (|lj) and (n&j with 
the ansatz (G3) to be similar to that found by jl^ 



X[C]^ 



+A3 / dtC{ti,tYR{ti,t)C{t,t2) , (19) 

Jo 

SH^[C,R] = -^^C{h,t2) + XiR{h,t2) 
2gdt{ 



X2C {2J^ + XsqIa)-^ 
13 (2j2 + A3C2)i 



(24) 



1 



X2n^C{h,t2)R{ti,t2)' 



-^x.h' 



dt[R{ti,tfC{tM) 



(20) 



+iR{ti,tfR{t2,t)C{ti,t) 



The coefficients Ai, . . . , A5 depend on Ti, u, J, as well as 
temperature and couplings to the bath. 

Let us now consider the time coordinate transfor- 
mation defined in Eq. (nl). Repeated application of 



where for small Qea, «-e. AaC'^ < X^q'^^^ <^ 2J^, we 
recover X[C] = A2C/(2j2/3). 

In the solution above, A3 = |u^, and quantum effects 
can only enter through the coupling A2 = §w Xoo- Hence, 
in the fixed point dynamical equations (O) and (M), 
quantum effects enter only as renormalizations of the co- 
efficients. 

The picture we have of the dynamics of a quantum 
spin glass is that at short times the QFDT holds with 
a zero frequency correction, then at intermediate times, 
quantum fiuctuations can still affect the dynamics in a 
significant way B, but at longer times they become in- 
creasingly irrelevant. Finally, at very long times, R and 
C are related via the classical RpG fixed point equation, 
although the matching conditions between this long time 



behaviour and the short time behaviour are also affected 
by quantum effects. It is in this sense that we call the 
long time dynamical equations with renormalized coeffi- 
cients renormalized classical. 

In the 7i — > limit, the CTP formalism becomes iden- 
tical to the Martin-Siggia-Rose (MSR) [E0[ functional in- 
tegral formalism [pj. However when h ^ the dynamics 
in each approach enter in very different ways - in the 
MSR approach, the dynamics are imposed on the system 
through a Langevin equation describing the interaction 
with the bath, but in the CTP formalism, the dynamics 
are intrinsic to the quantum spin variables. The reason 
that both approaches give the same long time dynam- 
ics is that the time derivatives and bath interactions are 
irrelevant under RpG transformations in either case. 

The time reparametrization invariance of the long time 
dynamics of the classical SK model was noticed by sev- 
eral authors ||l^,|2l|. The quantum dynamical contribu- 
tion, as well as other classical and derivative terms that 
we discuss in this paper break that invariance. How- 
ever, in the language of the RpG, these terms are irrele- 
vant. This suggests that R^G invariance can be a guid- 
ing principle in understanding the long time behaviour 
of glassy systems. In particular, RpG invariance could 
be the symmetry principle related to the modified FDT; 
the retarded and advanced scaling dimensions of C, R are 
tied by the form of the modified FDT, and vice versa, the 
form of the modified FDT is constrained by the scaling 
dimensions of the correlators C, R. Along these lines, 
it would be very interesting to look at different mod- 
els that could lead to mode-coupling equations with al- 
ternative RpG fixed points. These could possibly have 
more than two correlation functions, and could contain 
correlators with different scaling dimensions than in the 
usual classical models (and their quantum descendents). 
Most likely candidates are models with non-trivial spin 
algebras, such as the SU(2) spins for which a dynamical 
approach has very recently been developed |Q, and the 
SU{N) models @. 
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